We apply the first-principles density functional theory + dynamical mean field theory framework to evaluate the crystal-field splitting on rare-earth sites in hard magnetic intermetallics. An atomic (Hubbard-I) approximation is employed for local correlations on the rare-earth 4f shell and selfconsistency in the charge density is implemented. We reduce the density functional theory selfinteraction contribution to the crystal-field splitting by properly averaging the 4f charge density before recalculating the one-electron Kohn-Sham potential. Our approach is shown to reproduce the experimental crystal-field splitting in the prototypical rare-earth hard magnet SmCo5. Applying it to RFe12 and RFe12X hard magnets (R =Nd, Sm and X =N, Li), we obtain in particular a large positive value of the crystal-field parameter A 0 2 r 2 in NdFe12N resulting in a strong out-of-plane anisotropy observed experimentally. The sign of A 0 2 r 2 is predicted to be reversed by substituting N with Li, leading to a strong out-of-plane anisotropy in SmFe12Li. We discuss the origin of this strong impact of N and Li interstitials on the crystal-field splitting on rare-earth sites.
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I. INTRODUCTION
Permanent magnets are a key component of modern electronic devices, ranging from electric motors to medical imaging. An important breakthrough in the quest for high-performance permanent magnets was the discovery of rare-earth intermetallic magnets, starting with SmCo 5 in 1966.
1 Since its discovery in 1982, the champion of hard magnets has been Nd 2 Fe 14 B.
2 More recently, rareearth iron-based hard magnets RFe 12 X with the ThMn 12 structure such as NdFe 12 N have been under renewed scrutiny. [3] [4] [5] [6] [7] The underlying reason is the high price and strategical importance of rare-earths and cobalt, and the ongoing research effort to find good permanent magnets with reduced rare-earth concentration. 8 The ThMn 12 structure has a reduced ratio of rare-earth vs transition metal compared to Nd 2 Fe 14 B, but nevertheless conserves strong hard magnetic properties (large magnetization and Curie temperature, and strong anisotropy) when doped with light elements such as nitrogen.
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The main physical ingredients for a rare-earth hard magnet are the high magnetic anisotropy energy provided by rare-earth ions combined with the high magnetization and Curie temperature from the transition metal sublattice, typically composed of Fe or Co atoms. [8] [9] [10] The 3d transition metal atoms carry little anisotropy; because of their rather small spin-orbit coupling, their magnetization direction is essentially fixed by that of the rareearth ion through an exchange coupling. The majority of rare-earth elements, especially heavy rare-earth elements, are very expensive. Moreover, the magnetic moment of heavy rare-earth is normally anti-parallel to the transition-metal one reducing the net magnetization. 8 Hence, one advantage of new compounds like RFe 12 X is a reduced rare-earth concentration. In turn, a higher Fe concentration is favorable for achieving a large magnetization, which is another advantage of RFe 12 X compounds. However, this reduced rare-earth concentration means each rare-earth ion must contribute a strong magnetic anisotropy to keep the overall magnetic hardness. The preferred magnetization direction (in-plane or outof-plane) of a given rare-earth ion is determined by the interplay between the crystal-field (CF) splitting and spinorbit (SO) interaction. To the first order, the crystalline magnetic anisotropy energy reads:
where θ is the angle between the magnetization and the easy axis, and
where J is the total angular momentum for the rareearth 4f shell, n R the concentration of rare-earth atoms, α J the corresponding Stevens factor and A 0 2 r 2 is the lowest-order crystal-field parameter (CFP). Additional small doping of light elements is also found to strongly modify the anisotropy by affecting the rare-earth CF splitting. 5, 11, 12 They also modify the structural stability: doping B makes the Nd 2 Fe 14 B phase more stable, while interstitial nitrogen has only a minor effect in structural stability.
It follows that the CF splitting on the rare-earth 4f shell is a crucial quantity defining the magnetic hardness of rare-earth intermetallics. The theoretical search for new rare-earth hard magnets thus requires a reliable approach to calculating CFP. The importance of crystal-field effects for the optical, magnetic, and other properties of solids has been recognized long ago, and semi-empirical models of the CF Hamiltonian, such as the point charge model 13 and the superposition model, 14 have been developed since the 60's. While they provide an inexpensive and physically transparent description of CF parameters, their predictive power is limited as they require experimental input to determine the actual values. Experimental information is readily available for large band-gap rare-earth insulators, where the CFP can be extracted from measurements of dipole-forbidden optical transitions between f -states. 15 In the case of rareearth intermetallics, where the f − f transitions are hidden by the optical response of conduction electrons, inelastic neutron spectroscopy can be used to determine CFP, [16] [17] [18] [19] [20] but its results are more ambiguous as one needs to sort out the contributions of phonons and the effect of inter-site exchange interactions.
Ab initio calculations do not rely on experimental input and can have truly predictive power. First-principles techniques for computing the CF parameters 7,21-29 can be separated into two main approaches. The first one 7, [22] [23] [24] [25] [26] [27] consists in extracting the nonspherical KohnSham potential V lm and the 4f charge density ρ 4f around the rare-earth site and then computing the corresponding crystal-field parameter. As the density functional theory (DFT) is not able to fully capture the physics of partiallyfilled localized 4f shells, one imposes their localization by treating the 4f orbitals as semi-core states. The nonspherical 4f charge density ρ 4f (r) of the rare-earth ion includes an unphysical contribution to the CFP stemming from the local-density-approximation (LDA) selfinteraction error. This is usually corrected by sphericallyaveraging the 4f charge density, but then approximations have to be made for the long-range "tails" of ρ 4f (r).
The importance of excluding the self-interaction of the non-spherical part of the partial 4f charge density to obtain proper crystal-field energies was first recognized by Brooks et al. in a publication aimed at calculating the spin Hamiltonian parameters of rare-earth compounds.
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In the second, more recent, approach the 4f states are represented by Wannier functions, 28, 29, 31 while the charge density and, correspondingly, the Kohn-Sham potential are generated by self-consistent DFT calculations with 4f states treated as semi-core. An additional ad hoc parameter is used to correct the charge transfer energy between 4f and conduction bands.
One may also mention recent work on determining the CFP of lanthanides and transition metals using quantumchemical methods, in particular, in order to understand the properties of magnetic molecules. Such approaches employ, for instance, the complete active space selfconsistant field method 32 or multireference second order perturbation theory. 33 Here, however, we choose to focus on perfect crystals rather than on molecules.
Overall, ab initio calculations of CFP for rare-earth ions are a formidable theoretical problem, due to generally small values of those CFP and their extreme sensitivity to computational details. The main weak point of previously proposed DFT-based approaches is that they are not able to correctly treat the localized valence 4f states. Hence, the charge density is derived under the drastic approximation of treating them as fully localized core states, spherically-averaged inside the atomic sphere. The DFT+U method provides a more realistic treatment for the 4f density in the limit of strong ordered magnetism. However, it is usually not able to capture the true quasi-atomic (multiplet) nature of rare-earth shells in the paramagnetic or partially-polarized state. The DFT+U calculations can nevertheless be used to estimate the CFP by converging them to the on-site density matrix corresponding to a given atomic wave function. The CF splitting can be then evaluated from the difference in DFT+U total energy between such calculations for relevant CF states. This method in fact makes use of the (usually inconvenient) tendency of DFT+U to remain in a local energy minimum instead of converging to the ground state density. Zhou et al 34 employed this approach together with an orbital-dependent selfinteraction correction, 35 to obtain total energies for different orbital occupancies in UO 2 and deduce its CFP.
In this work, we propose an approach to ab initio CFP calculations based on self-consistent DFT+Dynamical Mean-Field Theory (DFT+DMFT) 36, 37 treating the local many-body problem for the 4f shell in the quasiatomic (Hubbard-I) approximation. While this approach of using DFT+DMFT with the Hubbard I approximation, which we may call DFT+Hub-I, is rather simple and computationally efficient, it was shown to capture not only the 4f multiplet structure in the paramagnetic state [37] [38] [39] [40] [41] and in the ferromagnetic state, 42 but also the 4f -conduction band exchange interaction and the resulting exchange splitting of the Fermi-surface. 40 This scheme also provides a rather natural way of averaging the 4f partial density to reduce the self-interaction error from the CF Hamiltonian. We validate it by applying it to the well-known hard magnet SmCo 5 , for which the crystal-field splitting has been measured in multiple experiments. [16] [17] [18] [19] [20] We then apply our method to much less investigated new hard magnets of the RFe 12 X family, computing their CFP for different rare-earth elements (Sm or Nd) and considering N and Li interstitials. Our calculations predict the hypothetical SmFe 12 Li compound to possess a strong axial anisotropy and, possibly, interesting hard-magnetic properties.
The paper is organized as follows: in Sec. II A we introduce basic notions as well as relevant notations of the CF theory. Our first-principles computational approach is presented in more details in Sec. II B. Our results for the DFT+Hub-I electronic structure and CFP for the RFe 12 (X) hard magnets are presented in Secs. III A and III B, respectively. In Sec. IV we analyze the shape 4f Wannier functions (WF) in real space and employ a projective approach to evaluate the WF localization and the contribution of hybridization effects to CFP.
II. METHOD
A. Crystal-field parameters: notation and symmetry
We start by introducing crystal-field parameter notations. The local Hamiltonian for a rare-earth ion with a partially-filled 4f shell subject to the exchange field created by the transition-metal sublattice and to a crystalfield potential readŝ
where the one-electron part of the Hamiltonian corresponds to the first four terms on the right-hand side, namely, a uniform shift, spin-orbit, exchange-field, and crystal-field terms.Ŝ a is the in-plane or ouf-of-plane spin operator, corresponding to the case where B ex is along x or z, respectively.Ĥ U represents the electron-electron Coulomb repulsion term of the many-body Hamiltonian. The crystal-field termĤ cf is defined as the nonspherically symmetric part of the one-electron Hamiltonian. The corresponding non-spherical part V ns (r) of the one-electron potential can be expanded into spherical harmonics as follows
where Y kq (r) is the spherical harmonic function with total angular moment k and projected angular moment q. 
whereÔ q k is the Stevens operator equivalent, A q k r k , as explained above, is the standard notation for the crystalfield parameter for given k and q. Θ k (J) is the Stevens factor for a given ground state multiplet defined by the quantum number J. Θ k (J) for k =2, 4, and 6 are often designated by α J , β J , and γ J , respectively. The Stevens operator equivalents are more convenient for analytical calculations and somewhat outdated, but they are still extensively used in the literature. For numerical calculations it is more convenient to expressĤ cf in terms of Wybourne's 44 spherical tensor operatorsĈ q k :
Moreover, the CFP can be made real by employing the Hermitian combination of Wybourne's operatorsT
|q|Ĉ |q| k Ĥ cf can then be expressed aŝ
with a set of real parameters L 
B. Calculational approach
We employ the DFT+Hub-I approach 47 based on the TRIQS library 48 and the full potential linearized augmented planewave Wien-2k
49 band structure code in conjunction with the projective Wannierorbitals construction.
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The charge-density selfconsistency 52,53 is implemented as described in Ref. 54 . The Hubbard-I impurity solver is provided by the TRIQS library.
The Wannier orbitals representing the rare-earth 4f states are constructed from the Kohn-Sham bands within the window [−ω win , ω win ] = [−2, 2] eV relative to the Fermi level. The choice of the half-window size ω win is the only significant parameter in our calculations (indeed, the choice of Hubbard U and Hund's coupling J has limited impact on the results, as we demonstrate in Appendix D). In order to construct a complete orthonormal basis of Wannier orbitals one needs to choose ω win large enough to include at least all 4f -like Kohn-Sham bands. Wannier orbitals constructed with a "small window" leak 47 to neighboring sites due to hybridization between 4f states and conduction band states. A larger window results in more localized Wannier orbitals consisting almost exclusively of the corresponding 4f partial waves inside the rare-earth atomic sphere, 47, 51 as discussed in in Sec. IV and Appendix E below. DFT+Hub-I studies of rare-earth wide-gap insulators show a rather strong sensitivity of calculated CFP to the window size; less-localized small window Wannier 4f orbitals result in a better agreement with experimental CFP. 55 In the present case of rare-earth intermetallics we find a rather weak dependence of CFP to variations of ω win within the reasonable range from 2 to 8 eV, see Appendix E. Hence, we employ ω win =2 eV in our calculations throughout.
In the Hubbard-I approximation the hybridization function is neglected and solving of the DMFT impurity problem is reduced to the diagonalization of the atomic Hamiltonian (2). The one-electron partĤ 1el of (2) is then given by
where µ is the chemical potential, H f f is the KohnSham Hamiltonian projected to the basis of 4f Wannier orbitals and summed over the Brillouin zone, Σ DC is the double counting correction term for which we employ the fully-localized-limit (FLL) form 56 that is known to work best for localized states such as 4f orbitals. In our calculations, we evaluate the FLL double-counting using the occupancy of the DMFT local Green's function, which comes out to be close to the nominal 4f occupancy of the corresponding 3+ rare-earth ion. If the nominal occupancy is used in FLL DC instead one obtains almost the same CFP, with differences no larger than 10 to 20 K. We carry out DFT+Hub-I iterations until convergence in the total energy with precision 10 −5 Ry is reached and then extract the CFP from Eq. 7 as described in the previous section.
Self-consistent DFT+Hub-I calculations produce a non-spherical one-electron Kohn-Sham potential (3) , that includes several non-spherical contributions acting on 4f states: the long-range electrostatic (Madelung) interaction, as well as the local-density-approximation (LDA) exchange-correlation potential due to the conduction electrons and 4f states themselves. This last "intra-4f shell" contribution to the exchange-correlation potential should be removed within DFT+Hub-I, since the on-site interaction H U between 4f states is already treated explicitly within DMFT. Hence, the "intra-4f shell" contribution in the one-electron partĤ 1el of Eq. 2 due to LDA is counted twice and should be removed by a double-counting correction. Moreover, this contribution includes the LDA self-interaction error for localized states directly impacting CFP: for low-lying CF levels, the self-interaction error will be larger than for less occupied excited CF states.
In order to reduce the self-interaction error in the CFP we enforce uniform occupancy of all states within the 4f ground state multiplet in our self-consistent DFT+Hub-I calculations. To that end, we define the imaginaryfrequency atomic (Hubbard-I) Green's function at the fermionic Matsubara frequency ω n = (2n + 1)πT , where T is the temperature, as follows:
where the eigenstates |γ and |δ with eigenenergies E γ and E δ are obtained by diagonalization of Eq. 2 and belong to the ground-state multiplet (GSM) and excited multiplets respectively, a and b label 4f orbitals, M is the degeneracy of the GSM. In other words, to obtain Eq. 8 we substitute the standard Boltzmann weight X γ = e −Eγ /T /Z, where Z is the partition function, with the uniform weightX γ = 1/M for the GSM andX δ = 0 for exited multiplets in the spectral representation of the Green's function 7172 . In practice, the degeneracy of the ground state multiplet M is chosen to be the same as for the corresponding free ion, hence, it is given by Hund's rules. Therefore, M = 10 for Nd and M = 6 for Sm. The self-energy thus obtained is then plugged back into the self-consistency cycle. This leads to a sphericallyaveraged contribution from the 4f orbitals, both inside and outside the rare-earth atomic sphere, while nonspherical contributions from other states are taken into account. We verified the validity of this method by calculating the density matrix from the local Green's function and transforming it to the relativistic basis of oneelectron J = 5 2 and J = 7 2 orbitals. With the averaging, the resulting density matrix is made of two identity blocks with deviations of the order of few percent, to be compared with over 50% without the averaging.
Conceptually speaking, our approach amounts to replacing Eq. 7 bŷ
where v KS [ρ] is the Kohn-Sham potential (v KS = v Hartree +v xc ) evaluated from the total electronic density ρ and then projected to the basis of 4f Wannier orbitals. ρ 4f designates the projected electronic density belonging to the rare-earth's 4f orbitals,ρ 4f is the same density, spherically averaged, and ρ spd designates all the remaining density, belonging to all atoms' s, p and d orbitals.
The same approach is used in the spin-polarized DFT+Hub-I calculations: in this case the exchange splitting is also removed within the GSM. We found, however, that this averaging is not sufficient, since the value of the exchange field within our DFT+Hub-I iterations may become larger than the inter-multiplet splitting. Hence we also directly remove the 4f spin polarization from the resulting DFT+Hub-I density matrix. For a given kpoint the "averaged" density matrixÑ k in the Bloch basis reads: (10) where N k is the density matrix in the Bloch basis calculated as described in Refs.54 and47, P (k) is the projector 47, 51 between the Wannier and Bloch spaces, n f f (k) is the density matrix in the Wannier basis, T is the time-reversal operator. The averaged density matrixÑ k is then used to recalculate the electron density at the next DFT iteration as described in Ref. 54 . The contribution of 4f states to the spin density and local-spin-density-approximation (LSDA) exchange field is thus suppressed. The resulting exchange field is due to the polarization of the transition-metal sublattice, as expected for hard magnetic rare-earth intermetallics. In contrast, direct spin-polarized DFT+Hub-I calculations without the averaging would lead to a large unphysical exchange field on rare-earth sites due to the magnetization density of 4f electrons themselves.
In appendix A, we benchmark the present method on the prototypical rare-earth hard magnet SmCo 5 , for which several measurements of CFP exist, and show good agreement between calculated and measured CFPs. Moreover, the actual eigenstates of the Sm 4f shell in SmCo 5 obtained within DFT+HubI are also in very good agreement with previous neutron scattering and mangetic form-factor measurements, see Appendix B.
C. Calculational details
The RFe 12 X family has the space group I4/mmm, with a tetragonal primitive unit cell. The conventional unit cell, with twice the volume and the atoms, is orthorhombic. It has equivalent R sites in the corner and the center at Wyckoff position 2a, X interstitial sites between two nearest R sites on Wyckoff position 2b, and contains 24 Fe atoms on three inequivalent sites, denoted below Fe 1 , Fe 2 and Fe 3 at Wyckoff positions 8j, 8i and 8f respectively, as displayed in Fig. 1 
The DFT calculations are performed with spin-orbit coupling included within the second variational approach. We employ throughout the rotationally-invariant Coulomb vertex specified by Slater integrals F 0 = U =6.0 eV as well as F 2 =10.13, F 4 =6.77, and F 6 =5.01 eV corresponding to Hund's rule coupling J H =0.85 eV. These values of U and J H are in agreement with those in the literature. 41, 53, 58 One may notice, that while the values of U and J H are important to determine the one-electron spectrum of a material, they are expected to have a rather small effect on the crystal-field parameters that we consider in this work. 73 We discuss this dependence in Appendix D. DFT+Hub-I calculations are carried out for the temperature of 290 K.
III. RESULTS
A. DFT and DFT + Hubbard I electronic structure of RFe12X
We first compare the electronic structure of RFe 12 X obtained within DFT (LSDA) and DFT+Hub-I. A typical DFT density of states (DOS) and a DFT+Hub-I spectral function for ferromagnetic RFe 12 X, namely, for states are dispersive, with the bottom of the bands contributing to a peak in the DOS around -6 eV. The Nd 4f band is fully spin-polarized and anti-ferromagnetically aligned to Fe 3d, with the total spin moment within the Nd atomic sphere equal to -2.77 µ B , i.e. close to the Hund's rule value of 3 µ B for the Nd 3+ ion. The Nd majority-spin 4f band is pinned at the Fermi level, its double-peak structure is due to spin-orbit splitting. This picture of 4f bands pinned at the Fermi level is qualitatively incorrect and illustrates the difficulties of DFT with local or semi-local exchange-correlation functionals to correctly treat strongly-interacting localized valence states.
The spin-polarized DFT+Hub-I spectral function shown in Fig. 2 was calculated using the averaging approach described in Sec. II B. It features an almost fullypolarized Fe 3d band as well as occupied and empty 4f states separated, to first approximation, by U , thus forming lower and upper Hubbard bands, respectively. The Hubbard bands are split due to the Hund's rule and spinorbit couplings into several manifolds with characteristically sharp peaks corresponding to transitions from the ground state to different quasi-atomic multiplets upon electron addition or removal. The 4f multiplet structure in lanthanides is known to be only weakly sensitive to the crystalline environment. Indeed, the positions of the Hubbard bands in Fig. 2b as well as the overall shape of the upper Hubbard band split into two manifolds of multiplet peaks centered at about 2 and 4 eV are in agreement with photoemission and inversephotoemission spectra of the Nd metal. 59 One also sees that the Nd 4f states in DFT+Hub-I are not fully spinpolarized, in contrast to the DFT case. Indeed the Nd spin moment of -1.61 µ B obtained within DFT+Hub-I is only about half of the Hund's rule value and is also aligned antiferromagnetically with respect to the spin moment on iron. The calculated Nd orbital moment is 3.40 µ B . It is precisely the crystal-field splitting of the Nd 4f shell that prevents the full saturation of the Nd magnetization.
B. crystal-field parameters and exchange fields in RFe12X
The calculated CF and exchange fields for Nd and Sm RFe 12 (N,Li) compounds are listed in Table II Finally, the total magnetization appears to be slightly reduced in Sm compounds, compared to Nd compounds: in the former, the spin magnetic moment on the rareearth compensates the orbital magnetic moment, leading to negligible total moment, while Nd presents a total Performing the averaging over the ground state multiplet as described in Eq. 8 is crucial to obtain reasonable CFP: the lowest-order CFP A list low-energy eigenvalues and eigenstates of all RFe 12 X compounds in Appendix B. It is interesting to notice that eigenstates of the ground-state J = 5/2 multiplet of Sm (Table VI) are often found to exhibit a significant admixture from exited J = 7/2 states; the Nd J = 9/2 states (Table V) contain a significantly lower admixture from the first exited multiplet.
A last interesting point is that the exchange fields B ex on the rare-earth are enhanced by Li and reduced by N. This is useful because the exchange field, or exchange coupling between Fe and R, is essential for finite temperature magnetocrystalline anisotropy. The rare-earthoriginated anisotropy becomes ineffective at high temperature, and this threshold temperature is determined by the exchange coupling B ex . In Fig. 4 , we show the difference between the 4f shell atomic energies E ⊥ and E , computed as E = Tr[Ĥe −βĤ ]/Tr[e −βĤ ] withĤ defined in Eq. 2 and the exchange field B ex is along the z axis (along the c lattice parameter) and x axis (along the a lattice parameter), respectively. We scale the exchange field B ex by a coefficient M F e (T )/M F e (0) at non-zero temperatures, using the measured magnetization ratio of NdFe 12 N from Hirayama et al . 6 The energy difference plotted in Fig. 4 is more general than the expression of Eq. 1, because it also contains higher order CFP and nonzero temperature; to compute E ⊥ and E we diagonalize the full HamiltonianĤ, without restricting ourselves to the ground state multiplet. This gives quite a different picture than Fig. 3 : the strongly enhanced exchange coupling due to Li doping causes the magnetocrystalline anisotropy to persist at much higher temperatures than with N doping. 
IV. DISCUSSION: THE EFFECT OF HYBRIDIZATION WITH THE INTERSTITIALS
Let us now analyze the mechanisms determining the CFP on the rare-earth site and, in particular, the impact of the N and Li interstitials on them. We consider the NdFe 12 X (X =Ni, Li) compounds as example. The N atom nominally carries three 2p electrons, but in the RFe 12 N compounds the N 2p bands are more than halffilled (Fig. 2) . To verify this we have also performed a Bader-charge analysis 60 for NdFe 12 X and found 8.3 electrons on N resulting in an ion charge of -1.3. In contrast, the Li atom is nominally 2s
1 , but it looses its single 2s electron inside the NdFe 12 matrix, the corresponding Bader ion charge is +0.7.
In Fig. 5 we display the complex Wannier orbitals constructed for Nd 4f states with window size ω win = 2 eV with magnetic quantum numbers m = 0 and m = −3, in the presence of interstitial N or Li. The orbitals with m = ±3 do not point towards the N or Li atom, and leak only to neighboring Fe atoms. On the other hand, the orbital with m = 0 (corresponding to f z 3 cubic orbital) points towards the interstitial site, and shows strong leakage to the interstitial atom, particularly in the Li case. The same applies, to a lesser extent, to the orbitals m = ±1 that are also pointing towards the interstitials.
The N (Li) insertion has thus two effects on the CFP. The first one is due to the electrostatic interaction between the 4f electrons and the interstitial ions. This interaction with the negative N (positive Li) ion pushes the on-site energies of the m = −1, 0, 1 orbitals, which point towards the interstitial, to higher (lower) energies.
The second contribution is due to hybridization between the 4f states and the N 2p (Li 2s and 2p) bands, which is expected to mainly affect the m = −1, 0, 1 orbitals pointing towards the interstitial. Mixing with the empty Li 2s and 2p bands pushes them to lower energies, while the opposite shift is induced due to hybridization with mostly filled N 2p located well below rare-earth 4f states, see Fig. 2 . Hence, one sees that both the electrostatic and hybridization effects act in the same direction, raising the on-site energies of the m = −1, 0, 1 orbitals in the case of N and lowering them in the case of Li. Fig. 6a that Nd f z 3 (m = 0) in NdFe 12 Li exhibits a strong hybridization with Li 2s and 2p; their contribution is significantly larger than the admixture of Fe 3d states. We further observe that spin up states are hybridizing more strongly than spin down states. In contrast, in the same compound for m = 3 (Fig. 6b) , there is a peak of hybridization with Fe states but barely any with the Li 2s and 2p ones. The same difference, but much less pronounced, is noticeable in the case of NdFe 12 N, see Fig. 7 . Hence, one may conclude, that the effect of the hybridization with the interstitial on the CF is much larger for Li than for N. In the latter case the electrostatic shift due to the negative charge on N seems to play the leading role.
V. CONCLUSION
In conclusion, we propose a novel first-principles approach for calculating crystal and exchange fields in rare-earth systems. This approach is formulated within the DFT+DMFT framework with local correlations on the rare-earth 4f shell treated within the quasi-atomic Hubbard-I approximation. The 4f states are represented by Wannier functions constructed from a narrow energy range of Kohn-Sham states of mainly 4f character. We employ a charge-density averaging that suppresses the contribution due to the self-interaction of the 4f orbitals to the one-electron Kohn-Sham potential. We thus reduce the effect of this unphysical self-interaction from the crystal-field splitting, while keeping non-spherical contributions to CFP from other bands. Similarly, by removing the contribution due to the 4f magnetic density from the exchange-correlation potential we suppress its unphysical contribution to the exchange field at the rare-earth site.
The present approach is effectively free from adjustable parameters and can be applied to evaluate CFP in any localized lanthanide compound. While in the present work we chose the value for the on-site interaction parameters U and J, they can in principle be evaluated using con- Moreover, we show that the crystal-field splitting exhibits a rather weak dependence on the value of U chosen within a reasonable range for lanthanide 4f shells (4 to 8 eV). Our choice for the local basis representing 4f orbitals, namely, that we construct it from a narrow range of Kohn-Sham bands with heavy 4f character, is physically motivated as it allows for the impact of the hybridization on the CFP being included within DFT+Hub-I.
We apply this approach to evaluate the crystal and exchange-field potentials as well as the resulting singleion magnetic anisotropies in several rare-earth hardmagnetic intermetallics. First, we verify that our ab initio scheme reproduces the measured crystal-field parameters (CFP) in the well-known hard magnet SmCo 5 . We subsequently apply it to prospective rare-earth hard magnetic intermetallics of the RFe 12 X family (where R =Nd, Sm and X can be N, Li or vacancy). Our calculations reproduce the strong out-of-plane anisotropy of NdFe 12 N 2 induced by insertion of N. Interestingly, we find that interstitial Li has a strong opposite effect, leading to a large negative value of A 0 2 r 2 . We thus predict a strong out-of-plane anisotropy in the hypothetical compound SmFe 12 Li. We also find the anisotropy in SmFe 12 Li to persist to higher temperatures as compared to NdFe 12 N. Hence, Sm-based compounds may represent interesting candidates for hard-magnetic applications. Of course, the thermodynamic stability of SmFe 12 Li and technological feasibility of Li doping still need to be demonstrated by future studies.
We analyze the effect of N and Li interstitials on A Extensions of the present approach beyond the Hubbard-I approximation are promising for applications to other rare-earth intermetallics. In particular, a similar DFT+DMFT technique suppressing subtle self-interaction and double-counting contributions to the Kohn-Sham potential might be necessary to study, for example, the impact of a spin-polarized transitionmetal sublattice on heavy-fermion behavior in Yb-based intermetallics.
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Appendix A: crystal-field parameters in SmCo5
SmCo 5 has been studied more extensively than other hard magnetic rare-earth intermetallics, so ample experimental data is available in this case. In particular, several groups estimated the CF parameters using inelastic neutron scattering or magnetization measurements. Therefore, this compound is a good benchmark to test our approach. SmCo 5 has already been studied within DFT+Hub I to evaluate its ground state magnetization and photoemission spectra, 42 but the CF parameters were not calculated in this work.
The calculated spectral function of SmCo 5 is shown in Fig. 8 . We find a total magnetic moment on the 4f shell of Sm of 0.42 µ B , antiparallel with the Co moments. This compares well with the measured value of 0.38 µ B at 4.2 K.
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The calculated CFP and exchange fields for SmCo 5 are listed in Table IV , together with experimental data. The calculations on SmCo 5 are done at the experimental lattice constants.
One may notice that the CF parameter A The main discrepancy between our theoretical and experimental CFP lies in the large value that we find for A 6 6 r 6 . The high-order CF parameters are usually assumed to be rather small in SmCo 5 . However, as noted in Ref. 67 , experimental inelastic neutron and susceptibility data are not particularly sensitive to those high-order parameters. Hence, they are often assumed to be small from the onset and neglected in the fitting procedure.
In order to facilitate the reproducibility of our calculations, we provide below the one-electron Hamiltonian of Eq. 7 for a converged, ferromagnetic calculation of SmCo 5 , used to obtain the CFP of 
Appendix B: Eigenenergies and eigenstates of the 4f shells in SmCo5 and RFe12X
In this Appendix we present the actual converged eigenfunctions and eigenstates of the 4f shell obtained within our DFT+HubI approach. In tables V and VI, we list those eigenenergies and the corresponding wavefunctions for the ground-state multiplet, as well as for the lowest-energy state of the first exited multiplet, in all the materials considered. The eigenenergies are given with respect to the ground state. The eigenvalues are expanded in the basis of total angular momentum J as One sees that the eigenstates of Sm belonging to the ground-state multiplet feature a rather significant admix-ture of the exited J = 7/2 multiplet. The inter-multiplet mixing is markedly lower in the case of Nd.
To our awareness, only 4f eigenstates in SmCo 5 have been measured to date. Our calculated intra-and intermultiplet splittings are in good agreement with the results of of Tils et al. (Ref.20) and Givord et al. (Refs.18) , see the lowest panel of Table VI . Moreover, the actual eigenstates and their order are also in very good agreement with the magnetic form-factor measurements, 18, 69 especially for the lowest-energy states.
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Appendix C: Importance of the charge averaging
In this Appendix we explicitly demonstrate the effect of averaging of 4f charge density (eq. 8) by comparing the CFP calculated with and without this averaging (but in both cases the 4f magnetic density is suppressed following Eq. 10) in two materials, NdFe 12 N and SmCo 5 , that are known to have an out-of-plane magnetic anisotropy.
The corresponding values are displayed in Table VII . One sees that the difference is largest for the lowestorder CFP A 0 2 r 2 , where calculations without averaging lead to the wrong sign with respect to experiment (suggesting in-plane anisotropy in both cases). Hence, the proper averaging of 4f charge density is crucial for a correct description of the single-ion anisotropy. For the higher order terms the difference between two approaches is smaller. This suggests that the self-interaction contribution in the CFP has predominantly l = 2 symmetry. To perform DFT+DMFT calculations, we have to choose a value for the on-site screened Coulomb interaction parameter U and for the Hund's coupling parameter J H .
Several methods have been developed in order to compute those parameters from first principles, most notably the constrained local density approximation 70 and, more recently, the constrained random phase approximation.
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In the present work, however, we do not attempt a first principles determination. We use U = 6 eV and J H = 0.85 eV because these values have given satisfactory results in other calculations on rare-earth materials. 41, 53 They are also in line with reported values calculated from first principles. 58 Nevertheless, it is preferable that results obtained by our calculation scheme do not depend too strongly on the value of U and J H . In Fig. 9 to the crystal-field.
Appendix E: Dependence of results on window size
Another important parameter of our calculations is the size of the window around the Fermi level that we use to construct the 4f Wannier functions. In Fig. 10 we compare the Wannier orbitals constructed for the same orbital m = 0 in NdFe 12 Li for two different window sizes: a small window with ω win = 2 eV, and a large one with ω win = 20 eV. For the large window, the Wannier orbital (WO) takes essentially pure Nd 4f orbital character, while the small-window WO leaks significantly to neighboring sites, in particular, to Li. The effect of the window size on the CF parameters is shown more quantitatively in Fig. 11 , which displays those parameters computed for several window choices [−ω win , ω win ] for different materials. The smallest window size of ω win =2 eV is required to enclose all the 
We assume that the windowW in Eq. F1 is large, i.e. that it includes both rare-earth 4f states and all relevant valence bands that are expected to hybridize with them. In result, with such a large-window construction one obtains a set of mutually-orthogonal and rather well localized Wannier orbtials (WO). In particular, the largewindow 4f WOsw ασ lm (r) almost do not leak onto neighboring sites, as discussed in the previous section, see 
where the equality is approximate because high-energy empty bands usually cross and, hence, one cannot generally chose such a window as to have the same number of bands for all k-points. However, those high-energy states are far from the relevant region close to the Fermi level, and if one applies Eq. F3 to the bands within a small window W around the the Fermi energy the resulting small non-unitarity of P (k) can be neglected. Alternatively, one may construct 4f Wannier orbitals from the bands within that small window W enclosing mainly 4f -like Kohn-Sham bands:
where 4f WOs are constructed for the single rare-earth site in the unit cell for the compounds under consideration. Hence, the site and l labels are suppressed in |w 
We use these projectors U σ,ασ m,l m (k) to project the 4f spectral function computed in the small-window WO basis on large-window localized WOs representing other states (Fe 3d, N 2p, Li 2s and so on). Namely, having obtained the real-axis lattice Green's function in the small-window Wannier basis for the orbital (σm) of the 4f shell, G mσ (k, ω + iδ), as well as the corresponding partial spectral function ρ mσ (ω) = − 
